Abstract. Let N be the moduli space of sextics with 3 (3,4)-cusps. The quotient moduli space N /G is one-dimensional and consists of two components, N torus /G and N gen /G. By quadratic transformations, they are transformed into one-parameter families C s and D s of cubic curves respectively. First we study the geometry of N ε /G, ε = torus, gen and their structure of elliptic fibration. Then we study the Mordell-Weil torsion groups of cubic curves C s over Q and D s over Q( √ −3) respectively. We show that C s has the torsion group Z/3Z for a generic s ∈ Q and it also contains subfamilies which coincide with the universal families given by Kubert [Ku] with the torsion groups Z/6Z, Z/6Z + Z/2Z, Z/9Z or Z/12Z. The cubic curves D s has torsion Z/3Z + Z/3Z generically but also Z/3Z + Z/6Z for a subfamily which is parametrized by Q( √ −3). This group is missing in the list of possible torsion groups in [Ke-Mo].
Introduction
Let N 3 be the moduli space of sextics with 3 (3,4)-cusps as in [O2] . For brevity, we denote N 3 by N . A sextic C is called of a torus type if its defining polynomial f has the expression f (x, y) = f 2 (x, y) 3 + f 3 (x, y) 2 for some polynomials f 2 , f 3 of degree 2, 3 respectively. We denote by N torus the component of N which consists of curves of a torus type and by N gen the curves of a general type (=not of a torus type). We denote the dual curve of C by C * . Let G = PGL(3, C). The quotient moduli space is by definition the quotient space of the moduli space by the action of G.
In §2, we study the quotient moduli space N /G. We will show that N /G is one dimensional and it has two components N torus /G and N gen /G which consist of sextics of a torus type and sextics of a general type respectively. After giving normal forms of these components C s , s ∈ P 1 (C) and D s , s ∈ P 1 (C), we show that the family C s contains a unique sextic C 54 which is self dual (Theorem 2.8) and C 54 has an involution which is associated with the Gauss map (Proposition 2.12).
In section 3, we study the structure of the elliptic fibrations on the components N ε /G, ε = torus, gen which are represented by the normal families C s , s ∈ P 1 (C) and D s , s ∈ P 1 (C). Using a quadratic transformation we write these families by smooth cubic curves C s and D s which are defined by the following cubic polynomials. We show that C s , s ∈ P 1 (C) (respectively D s , s ∈ P 1 (C)) has the structure of rational elliptic surfaces X 431 (resp. X 3333 ) in the notation of [Mi-P] .
In section 4, we study their torsion subgroups of the Mordell-Weil group of the cubic families C s and D s . The family C s is defined over Q and D s is defined over quadratic number field Q( √ −3). Both families enjoy beautiful arithmetic properties. We will show that the torsion group (C s ) tor (Q) is isomorphic to Z/3Z for a generic s ∈ Q but it has subfamilies C ϕ 6 (u) , C ϕ 6,2 (r) , C ϕ 9 (t) and C ϕ 12 (ν) , u, r, t, ν ∈ Q for which the Mordell-Weil torsion group are Z/6Z, Z/6Z + Z/2Z, Z/9Z and Z/12Z respectively. Each of these groups is parametrized by a rational function with Q coefficients which is defined over Q and this parametrization coincides, up to a linear fractional change of parameter, to the universal family given by Kubert in [Ku] .
As for (D s ) tor (Q( √ −3)), we show that (D s ) tor (Q( √ −3) is generically isomorphic to Z/3Z + Z/3Z but it also takes Z/3Z + Z/6Z for a subfamily D ξ 6 (t) parametrized by a rational function with coefficients in Q and defined on Q( √ −3). This group is not contained in the list of the possible torsion groups in [Ke-Mo] (see also [Z] ) but it does exist.
Normal forms of the moduli N
We consider the submoduli N (1) of the sextics whose cusps are at O := (0, 0), A := (1, 1) and B := (1, −1). As every sextic in N can be represented by a curve in N (1) by the action of G, we have
By an easy computation, we see that G (1) is the semi-direct product of the group G (1) 0 and a finite group K, isomorphic to the permutation group S 3 where G (1) 0 is defined by
is normal in G
(1) and g ∈ G
(1) 0 fixes singular points pointwise. The isomorphism K ∼ = S 3 is given by identifying g ∈ K as the permutation of three singular locus O, A, B. We will study the normal forms of the quotient moduli
Proof. By an easy computation, the image of L by the action of M −1 , where M is as above, is defined by (a 1 − ba 2 )y + (a 2 − ba 1 )x = 0. Thus we take a 1 = ba 2 . Then a Lemma 2.2. The tangent cone at O is not y ± x = 0 for C ∈ N (1) .
Proof. Assume for example that y − x = 0 is the tangent cone of C at O. The intersection multiplicity of the line L 1 := {y − x = 0} and C at O is 4 and thus L 1 · C ≥ 7, an obvious contradiction to Bezout theorem. Let N (2) be the subspace of N (1) consisting of curves C ∈ N (1) whose tangent cone at O is given by x = 0. Let G (2) be the stabilizer of N (2) . By Lemma 2.1 and Lemma 2.2, we have the isomorphism :
It is easy to see that G (2) is generated by the group G
0 and an element τ of order two which is defined by τ (x, y) = (x, −y). Note that
(2) , we associate complex numbers b(C), c(C) ∈ C which are the directions of the tangent cones of C at A, B respectively. This implies that the lines y −1 = b(C)(x−1) and y + 1 = c(C)(x − 1) are the tangent cones of C at A and B respectively. We have shown that C ∈ N (2) torus if and only if b(C) + c(C) = 0 and otherwise C is of a general type and they satisfy c(C) O2] ). We consider the subspaces:
and we put
gen . Remark . The common solution of both equations: b + c = c 2 + 3c − bc + 3 − 3b + b 2 = 0 is (b, c) = (1, −1) and in this case, C degenerates into two non-reduced lines (y 2 − x 2 ) 2 = 0 and a conic.
Lemma 2.4. Assume that C ∈ N (2) . Then there exists a unique C ′ ∈ N (3) and an element g ∈ G (2) such that C g = C ′ . This implies that
A is given by y − x + xa 3 − a 3 − bxa 3 + ba 3 = 0. Thus we can solve the equation
0 is unique if it fixes the singular points pointwise and thus C ′ is also unique. It is easy to see that the stabilizer of N (3) torus is the cyclic group of order two generated by τ , as C ′ is even in y (see the normal form below) and
torus . Thus we have
torus . Consider the case C ∈ N (2) gen . Then the images of the tangent cones at A, B by the action of g are given by y − x + xa 3 − a 3 − bxa 3 + ba 3 = 0 and y + x − xa 3 + a 3 − cxa 3 + ca 3 = 0 respectively. Assume that b(C g ) = c(C g ). Then we need to have a 3 (1 − b) − 1 = a 3 (−1 − c) + 1, which has a unique solution in a 3 , if (⋆) b − c − 2 = 0. Assume that c 2 +3c−bc+3−3b+b 2 = 0 and b−c−2 = 0. Then we get (b, c) = (1, −1) which is excluded as it corresponds to a non-reduced sextic. Thus the condition (⋆) is always satisfied. Put
They satisfy the equality c 
torus is defined by a polynomial f (x, y) which is expressed by a sum f 2 (x, y)
where f 2 (x, y) is a smooth conic passing through O, A, B and f 3 (x, y) = (y 2 − x 2 )(x − 1).
Proposition 2.5. The direction of the tangent cones at O, A and B are the same with the tangent line of the conic f 2 (x, y) = 0 at these points.
This is immediate as the multiplicity of
torus , that is, the tangent cones of C at O, A and B are given by x = 0, y − 1 = 0 and y + 1 = 0 respectively. Thus the conic f 2 (x, y) = 0 is also uniquely determined as
torus is one-dimensional and it has the representation
For s = 0, 27, ∞, C s is a sextic with three (3,4)-cusps, while C 27 obtains a node. If g ∈ G (2) fixes the tangent lines y ± 1 = 0, then g = e or τ . As
2.2. Normal form of sextics of a general type. For the moduli N gen of sextics of a general type, we start from the expression given in §4.1, [O2] . We may assume b = c = √ −3. Then the parametrization is given by
where s is equal to a 06 in [O2] and f 0 is the sextic given by
Observe that D 0 = {f 0 (x, y) = 0} is a sextic with three (3,4)-cusps and of a general type. For the computation of dual curves using Maple V, it is better to take the substitution y → y √ −3 to make the equation to be defined over Q. Summarizing the discussion, we have Theorem 2.8. The quotient moduli space N /G is one dimensional and it has two components.
(1) The component N torus /G has the normal forms
2 where f 3 is as above and the sextic f 0 (x, y) = 0 is contained in N gen . This component has no self-dual curve.
Proof of Theorem 2.8. We need only prove the assertion for the dual curves. The proof will be done by a direct computation of dual curves using the method of §2, [O2] and the above parametrizations. We use Maple V for the practical computation. Here is the recipe of the proof. Let X * , Y * , Z * be the dual coordinates of X, Y, Z and let (x * , y * ) := (X * /Z * , Y * /Z * ) be the dual affine coordinates. (1) Compute the defining polynomials of the dual curves C * s and D * s respectively, using the method of Lemma 2.4, [O2] . Put g torus (x * , y * , s) and g gen (x * , y * , s) the defining polynomials.
(2) Let G ε (X * , Y * , Z * , s) be the homogenization of g ε (x * , y * , s), ε = torus or gen. Compute the discriminant polynomials ∆ Y * G ε which is a homogeneous polynomial in X * , Z * of degree 30 (cf. Lemma 2.8, [O1] ). Recall that the multiplicity in ∆ Y * G ε of the pencil X * − ηZ * = 0 passing through a singular point is generically given by µ + m − 1 where µ is the Milnor number and m is the multiplicity of the singularity ( [O2] ). Thus the contribution from a (3,4)-cusp is 8. Thus if C * s has three (3,4)-cusps, it is necessary that ∆ Y * (G) = 0 has three linear factors with multiplicity ≥ 8.
(3-1) For the curves of a general type, an easy computation shows that it is not possible to get a degeneration into a sextic with 3 (3,4)-cusps by the above reason.
(3-2) For the curves of a torus type, we can see that s = 54 is the only parameter such that C * s ∈ N . Thus it is enough to show that C * 54
(4) The dual curve C * 54 of C 54 is defined by the homogeneous polynomial
We can see that C 54 * is isomorphic to C 54 as (C * 54 ) A = C 54 where
. For a later purpose, we change the coordinates of P 2 so that the three cusps of C s are at O Z := (0, 0, 1), O Y := (0, 1, 0), O X := (1, 0, 0). A new normal form in the affine space is given by C s : f 2 (x, y) 3 + sf 3 (x, y) 2 = 0 where f 2 (x, y) := xy − x + y and f 3 (x, y) := −xy. In particular, C 54 is defined by
In this coordinate, C * 54 is defined by
It is easy to see that (C *
)
A 1 = C 54 where
For a given A ∈ GL(3, C), we denote the automorphism defined by the right multiplication of A by ϕ A . Let F (X, Y, Z) be the homogenization of f (x, y). Then the Gauss map dual C 54 :
where F X , F Y , F Z are partial derivatives. We define an isomorphism τ : C 54 → C 54 by the composition ϕ A 1 •dual C 54 . Then τ is the restriction of the rational mapping: Ψ :
Observe that τ is defined over Q. C 54 has three flexes of order 2 at F 1 := (1, −1/4, 1), F 2 := (1/4, −1, 1), F 3 := (4, −4, 1) and τ exchanges flexes and cusps:
Furthermore we assert that Proposition 2.12. The morphism τ is an involution on C 54 .
Proof. By the definition of τ and Lemma 2.13 below, we have (C := C 54 ):
as A 1 is a symmetric matrix. Let C be a given irreducible curve in P 2 defined by a homogeneous polynomial F (X, Y, Z) and let B ∈ GL(3, C).
Lemma 2.13. Two curves (C B ) * and (C * ) t B −1 coincide and the following diagram commutes.
Proof. The first assertion is the same as Lemma 2, [O2] . The second assertion follows from the following equalities. Let (a, b, c) ∈ C.
In section 5, we will show that τ is expressed in a simple form as a cubic curve. 
Structure of elliptic fibrations
We consider the elliptic fibrations corresponding to the above normal forms. For this purpose, we first take a linear change of coordinates so that three lines defined by f 3 (x, y) = 0 changes into lines X = 0, Y = 0 and Z = 0. The corresponding three cusps are now at O Z = (0, 0, 1), O Y = (0, 1, 0), O X = (1, 0, 0) in P 2 . Then we take the quadratic transformation which is a birational mapping of P 2 defined by (X, Y, Z) → (Y Z, ZX, XY ). Geometrically this is the composition of blowing-ups at O X , O Y , O Z and then the blowing down of three lines which are strict transform of X, Y, Z = 0. It is easy to see that our sextics are transformed into smooth cubics for which X = 0, Y = 0 and Z = 0 are tangent lines of the flex points. Those flexes are the image of the (3,4)-cusps. We take a linear change of coordinates so that the flex on Z = 0 is moved at O := (0, 1, 0) with the tangent Z = 0. Then the corresponding families are described by the families given by {h torus (x, y, s) = 0; s ∈ P 1 } and {h gen (x, y, s) = 0,
T for ε = torus, gen. We consider the elliptic surface associated to the canonical projection π : S ε → P 1 where S ε is the hypersurface in P 1 × P 2 which is defined by H ε (X, Y, Z, S, T ) = 0.
Case I. Structure of S torus → P 1 . For simplicity, we use the affine coordinate s = S/T of {T = 0} ⊂ P 1 and denote π −1 (s) by C s . We see that the singular fibers are s = 0, 27, ∞. C ∞ consists of three lines, isomorphic to I 3 in Kodaira's notation, [Ko] . C 27 obtains a node and this fiber is denoted by I 1 in [Ko] . The fiber C 0 is a line with multiplicity 3. The surface S torus has three singular points on the fiber C 0 at (X, Y, Z) = (0, 1/2, 1), (0, −1/2, 1), (0, 1, 0). Each singularity is an A 2 -singularity. We take minimal resolutions at these points. At each point, we need two P 1 as exceptional divisors and let p : S torus → S torus be the resolution map. The composition π := π • p : S torus → P 1 is the corresponding elliptic surface. Now it is easy to see that C 0 := π −1 (0) is a singular fiber with 7 irreducible components, which is denoted by IV * in [Ko] . Here we used the following lemma. The elliptic surface S torus is rational and denoted by X 431 in [Mi-P] .
Assume that the surface V := {(s, x, y) ∈ C 3 ; f (s, x, y) = 0} has an A 2 singularity at the origin where f (s, x, y) := sx + y 3 + sx · h(s, x, y) where h(O) = 0. Consider the minimal resolution π : V → V and let π −1 (O) = E 1 ∪E 2 . It is well-known that E 1 · E 2 = 1 and E 2 i = −2 for i = 1, 2. Lemma 3.1. Consider a linear form ℓ(s, x, y) = as + bx + cy and let L ′ be the strict transform of ℓ = 0 to V .
(1) Assume that b = c = 0 and a = 0. Then (π * ℓ) = 3L 
The proof is immediate from a direct computation.
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Case II. Structure of S gen → P 1 . Now consider the elliptic surface S gen . Put D s = π −1 (s). The singular fibers are at s = −35, −53 + 6 √ −3, −53 − 6 √ −3 and s = ∞. The fiber s = ∞ is already I 3 and S gen is smooth on this fiber. On the other hand, S gen has a A 2 -singularity on each fiber D s , s = −35, −53 + 6 √ −3, −53 − 6 √ −3. Let p : S gen → S gen be the the minimal resolution map and we consider the composition π := π •p : S gen → P 1 as above. Then using (2) of Lemma 3.1, we see that π : S gen → P 1 has four singular fibers and each of them is I 3 in the notation [Ko] . This elliptic surface is also rational and denoted as X 3333 in [Mi-P].
Torsion group of C s and D s
Consider an elliptic curve C defined over a number field K by a Weierstrass short normal form:
The j-invariant is defined by j(C) = −1728(4A) 3 /∆ with ∆ = −16(4A 3 + 27B 2 ). We study the torsion group of the MordellWeil group of C which we denote by C tor (K) hereafter.
Recall that a point of order 3 is geometrically a flex point of the complex curve C ( [Si] ) and its locus is defined by F (f ) := f x,x f 2 y − 2f x,y f x f y + f y,y f 2 x = 0 where f (x, y) is the defining polynomial of C ( [O1] ). In our case, F (f ) = 24xy 2 − 18x 4 − 12x 2 A − 2A. The unit of the group is given by the point at infinity O := (0, 1, 0) and the inverse of P = (α, β) ∈ C is given by (α, −β) and we denote it by −P . For a later purpose, we prepare two easy propositions. Consider a line L(P, m) passing through −P defined by y = m(x − α) − β. The x-coordinates of two other intersections with C are the solution of q(x) := f (x, m(x − α) − β)/(x − α) which is a polynomial of degree 2 in x. Let ∆ x q be the discriminant of q in x. Note that ∆ x q is a polynomial in m.
(A) When does a point Q ∈ C exist such that 2Q = P . Assume that a K point Q = (x 1 , y 1 ) satisfies 2Q = P . Geometrically this implies that the tangent line T Q C passes through −P . (B) When does a point Q ∈ C exist such that 3Q = P . Assume that a K-point Q = (x 1 , y 1 ) satisfies 3Q = P . Put Q ′ := 2Q and put Q ′ = (x 2 , y 2 ). Let T Q C be the tangent line at Q. Then T Q C intersects C at −Q ′ . Then −3Q is the third intersection of C and the line L which passes through Q, Q ′ . Thus three points −P, Q, Q ′ are colinear. Write L as y = m(x − α) − β. Then x 1 , x 2 are the solutions of q(x) = 0. Thus we have
where coeff(q, x i ) is the coefficient of x i in q(x). Let L Q (x, y) be the linear form defining T Q C and let R(x) be the resultant of f (x, y) and
2 ) − x). Then by the above consideration, x = x 1 is a common solution of q(x) = R 1 (x) = 0. Let R 2 (m) be the resultant of q(x) and R 1 (x). Note that if ∆ x q(m) = 0, L is tangent to C at Q and R 2 (m) = 0. In this case, 2Q = P . Proposition 4.3. Assume that there exists a K-point Q with 3Q = P and order Q = 3 · order P and let m be as above. Then R 2 (m) = 0 and ∆ x q(m) = 0. Moreover x 1 is given as a common solution of q(x) = R 1 (x) = 0.
Actually one can show that R 2 (m) is divisible by (∆ x q) 2 .
4.1. Cubic family associated with sextics of a torus type. We have observed that the family C s for s ∈ Q is defined over Q. First, recall that C s is defined by
and the Weierstrass normal form is given by C s :
Put Σ := {0, 27, ∞}. This corresponds to singular fibers. We have two sections of order 3: s → ( 1 12
. Thus the torsion group is at least Z/3Z. By [Ma] , the possible torsion group which has an element of order 3 is one of Z/3Z, Z/6Z,
(1) Assume that (C s ) tor (Q) has an element of order 6, say P 2 := (α 2 , β 2 ) ∈ C s ∩ Q 2 . We may assume that P 2 + P 2 = P 1 . By Proposition 4.1, this implies that x = α 2 must be the multiple solution of
As −f x (−P 1 )/f y (−P 1 ) = −s/2, we must have m = −s/2 and thus
The curve ∆ ′ x (q) = 0 is a rational curve and we can parametrize ∆ ′ x q = 0 as s = ϕ 6 (u), m = ϕ 6 (u)u where
The point P 2 is parametrized as
where u ∈ Q. We put A 6 := {s = ϕ 6 (u); u ∈ Q} and Σ 6 := ϕ −1 (Σ). Note that Σ 6 = {−1/2, 1/2, 5/6, −1/6}.
(1-2) Assume that we are given s = ϕ(u) and we consider the case when (4.7) has three rational solutions in m for a fixed s. This is the case if ϕ 6 (u) = ϕ 6 (v) has two rational solutions different from u. This is also equivalent to (C s ) tor (Q) has Z/2Z + Z/2Z as a subgroup. The equation is given by the conic
By an easy computation, Q is rational and it has a parametrization as follows. Put ϕ 6,2 (r) := ϕ 6 (ϕ 2 (r)), which is given explicitly as ϕ 6,2 (r) = 27(12 + r 2 )/r 2 (r − 6) 2 (r + 6)
2
We define a subset A 6,2 of A 6 by the image ϕ 6,2 (Q). Put Σ 6,2 := ϕ −1 6,2 (Σ). It is given by Σ 6,2 = {0, ±2, ±6}.
and n = n 1 /(2u + 1)(2u − 1)
2 . Again we find that Γ = 0 is a rational curve and we have a parametrization: u = u(ν) and n 1 = n 1 (ν) where
, n 1 (ν) = −16
(4.14)
The generator of the torsion group Z/12Z is P 4 = (α 4 , β 4 ) where
(ν 8 −12ν 7 +24ν 6 −36ν 5 +42ν 4 +12ν 3 +36ν−3)(ν 4 −6ν 2 −3)
We put A 12 := {ϕ 12 (ν); ν ∈ Q}. By definition, A 12 ⊂ A 6 . The singular fibers Σ 12 := ϕ −1 (Σ) is given by {0, ±1}. Summarizing the above discussion, we get Theorem 4.16. The j-invariant is given by j torus (s) = s(s − 24) 3 /(s − 27) and the Mordell-Weil torsion group of C s is given as follows.
4.2. Comparison with Kubert family. In [Ku] , Kubert gave parametrizations of the moduli of elliptic curves defined over Q with given torsion groups which have an element of order ≥ 4. His family starts with the normal form:
We first eliminate the linear term of y and then the coefficient of x 2 . Let K w (b, c) be the Weierstrass short normal form, which is obtained in this way. The j-invariant is given by
For a given elliptic curve E defined over K with Weierstrass normal form E : y 2 = x 3 + ax + b and a given k ∈ K, the change of coordinates x → x/k 2 , y → y/k 3 changes the normal form into y 2 = x 3 + ak 4 x + bk 6 . We denote this operation by Ψ k (E). 1. Elliptic curves with the torsion group Z/6Z. This family is given by a parameter c with b = c + c 2 . 2. Elliptic curves with the torsion group Z/6Z + Z/2Z. This family is given by a parameter c 1 with b = c + c 2 and c = (10 − 2c 1 )/(c 2 1 − 9). 3. Elliptic curves with the torsion group Z/9Z. The corresponding parameter is f and
4. Elliptic curves with the torsion group Z/12Z. The corresponding parameter is τ and
Proposition 4.18. Our family C ϕ 6 (u) , C ϕ 6,2 (r) , C ϕ 9 (t) , C ϕ 12 (ν) are equivalent to the respective Kubert families. More explicitly, we take the following change of parameters to make their j-invariants coincide with those of Kubert and then we take the change of coordinates of type Ψ k to make the Weierstrass short normal forms to be identical with K w (x, y).
1. For C ϕ 6 (u) , take u = −(c − 1)/2(3c + 1) and k = c 2 (c + 1)/(3c + 1) 2 . 2. For C ϕ 6,2 (r) , take r = −12/(c 1 − 3) and k = 4(−5 + c 1 )
We omit the proof as the assertion is immediate from a direct computation.
4.3. Involution on C 54 . We consider again the self dual curve C := C 54 (see §3). The Weierstrass normal form is y 2 = x 3 −98415x+11691702. Note that 54 ∈ A 6 −A 12 ∪A 6,2 ∪Σ. In fact, 54 = ϕ 6 (1/6) and 54 / ∈ A 12 ∪ A 6,2 . The j-invariant is 54000 and the torsion group C tor (Q) is Z/6Z and the generator is given by P = (−81, 4374). Other rational points are 2P = (243, −1458), 3P = (162, 0), 4P = (243, 1458), 5P = (−81, −4374), and O = (0, 1, 0) (= the point at infinity). Recall that C has an involution τ which is defined by (2.10) in §3. To distinguish our original sextic and cubic, we put
The identification Φ : C (3) → C (6) is given by the rational mapping:
Φ(x, y) = (−2916/(27x − 5103 − y), 2916/(y + 27x − 5103)) and the involution τ (3) on C (3) is given by the composition Φ −1 • τ • Φ. After a boring computation, τ (3) is reduced to an extremely simple form in the Weierstrass normal form and it is given by τ (3) (x, y) = (p(x, y), q(x, y)) where
Note that C has another canonical involution ι which is an automorphism defined by ι : (x, y) → (x, −y). We can easily check that
) (5P ) = 4P . Let η : C → C be the translation by the 2-torsion element 3P i.e., η(x, y) = (x, y) + (162, 0). It is easy to see that τ (3) is the composition ι • η. That is τ (3) (x, y) = (x, −y) + (162, 0) where the addition is the addition by the group structure of C 54 . Thus Theorem 4.20. The involution τ on sextics C (6) is equal to the involution τ (3) on C
which is defined by (4.19) and it is also equal to (x, y) → (x, −y) + (162, 0). 
